This paper clarified kinematic aspects of motion of axially moving beams undergoing large-amplitude vibration. The kinematics was formulated in the mixed EulerianLagrangian framework. Based on the kinematic analysis, the governing equations of nonlinear vibration were derived from the extended Hamilton principle and the higherorder shear beam theory. The derivation considered the effects of material parameters on the beam deformation. The proposed governing equations were compared with a few previous governing equations. The comparisons show that proposed equations are with higher precision. Besides, the proposed equations can be viewed as the asymptotic governing equations of Lagrange's equations of motion for large displacement. Finally, the corresponding boundary conditions and the comparison between the presented model equation and classical model equation were provided.
Introduction
Axially moving beams are widely used in many engineering structures, such as deployment of appendages in space, automotive applications, robotic manipulators, etc. The vibrations and stability of the axially moving solids continua are hot topic for the mathematics and mechanical engineers. The nonlinear dynamics have been extensively studied.
In general, there are two different descriptions for the motion of an axially moving solids continua. The first description is the Eulerian formulation, which focuses on the displacement, stress, and velocity of a given point in the fixed spatial, making it a very on efficient description of the fluid mechanics. The second description is the Lagrangian formulation, which focuses the moving of the material particle. For the nonlinear vibration of axially moving beams, we focus on the dynamics of the beam in the given space between the fixed two ends x = 0 and x = L. It means that the boundary conditions do not apply to fixed material particles and are non-material boundary conditions. Then, some researchers applied the spatial formulations to study the nonlinear vibrations of axially moving beams. Based on Eulerian description, through four coupled nonlinear partial differential governing equations, Ames et al. [1968] studied the nonlinear vibrations of an axially moving threadline under planar boundary excitations. Kim and Tabarrok [1972] and Tabarrok et al. [1974] through the Eulerian description studied nonlinear vibration of an axially moving string and beam, respectively. In general, the governing equations of nonlinear vibration based on the Eulerian description are very complex. Except for some simple governing equations, it is very hard to obtain the analytical solutions. By taking into account the geometric nonlinearity, Mote [1966] obtained the governing equations for the transverse vibration based on the extended Hamilton's principle. Wickert [1992] obtained the coupled governing equations for vibration of the longitudinal and transverse by the same formulation. It shows that the governing equations are simpler than that obtained from the Eulerian description. Then, some researchers studied the nonlinear vibration of axially moving beams by applying the governing equations of Mote [1966] , Wickert [1992] .
For the axially moving beams, the particles of material change with the time between the given end points. Then, the classical Hamilton principle cannot be used for this case. Mciver [1973] presented an extended form of Hamilton's principle for the system whose constituent particles change with time. By the extension of Hamilton's principle, Behdinan et al. [1997] obtained the governing equations for flexible sliding beams with a constant velocity deployed or retrieved through a rigid channel based on the assumptions of Euler-Bernoulli beam theory. Many researchers applied directly extended Hamilton's principle to study the nonlinear vibration of axially moving beams and plates with simple geometric conditions such as Ghayesh and Farokhi [2015] , Tang et al. [2008] , Seddighi and Eipakchi [2016] , Ding and Zu [2013] , Ali and Elham [2017] . Based on the extended Hamilton principle, Zhang et al. obtained many remarkable results for the nonliner vibration of the axially moving beam or plate [Cao and Zhang, 2006 , Chen et al., 2007 , Chen et al., 2010 , Yao et al., 2012 , Yang et al., 2012 , Yang and Zhang, 2014 But, these works did not point out clearly what description has been used. Koivurova and Salonen [1999] reviewed and clarified the kinematic aspects of nonlinear governing equations of axially moving structures.
For the open system with changing mass, the Lagrange's equations of motions are an efficient method to deal with this kind of problem. Irschik and Holl have obtained remarkable results in this field. Within a continuum mechanics framework, the extension of the Lagrange equations for a control volume is obtained by using the method of fictitious particles in Irschik and Holl [2002] . Irschik and Holl [2015] presented a formulation of Lagrange's equations for open systems through the Lagrange description of continuum mechanics. Based on the Lagrange equations of motion, finite element is very efficient numerical method to study the nonlinear vibration of axially moving beam. Pechstein and Gerstmayr [2013] presented a finiteelement formulation for an axially moving beam through the Lagrange equations of motion which is based on Lagrange-Eulerian description. Vetyukov et al. [2016] obtained the Lagrangian finite-element scheme for the axially moving plate by the mixed Eulerian-Lagrangian framework. Vetyukov [2018] presented a non-material finite element modeling for large vibrations of axially moving string and beams and plate based on the Lagrange's equations of motion through the mixed EulerianLagrangian description.
As mentioned above, many governing equations of the axially moving beams have been obtained by applying directly the extended Hamilton principle, and in these governing equations the kinematic energy and strain energy have been simplified. However, the strain energy and kinematics energy play a very important role in determining the nonlinear dynamic of axially moving beams. These results have been obtained in Wang et al. [2018a] . To the best of the author's knowledge, there are few governing equations that analyzed the effects of material parameters on the vibration of axially moving beams except Wang et al. [2018a Wang et al. [ , 2018b . Furthermore, these governing equations did not consider the kinematics of the motion of the axially moving beam and did not clearly point out which kind of description has been applied. As presented in Vetyukov et al. [2016] and Vetyukov [2018] , the governing equations of axially moving beams is very complex based on the mixed Eulerian-Lagrangian description, which is impossible to analytically obtain the characterization of nonlinear vibration of axially moving beams. In this case, the governing equations have been solved by numerical methods such as finite element methods etc. However, it means that qualitatively analyzing the effect of system parameters on the vibration of the beam is very hard.
In this paper, the governing equations for an axially moving beam have been proposed. Firstly, the kinematic aspects of the motion of the axially moving threedimensional isotropic beam have been clarified by the mixed Eulerian-Lagrangian framework. Secondly, in the fixed configuration, under the continuum mechanics setting a recently developed beam theory has been used [Zhu et al., 2016; Wang et al., 2018a Wang et al., , 2018b , which takes into account the shear deformation, inertial rotation and characteristics of the materials that have been used for the axially moving beams. Then, a higher precision governing equation of the nonlinear vibration has been obtained through the extended Hamilton principle. Some comments have been presented for the governing equations and the corresponding boundary conditions were presented. Finally, the results of proposed governing equations were compared with a few previous governing equations. The results show that proposed equations are with higher precision.
Kinematic Analysis
Throughout the following, we consider an axially moving beam under an applied longitudinal tension P . The beam has density ρ and cross-section A. The material particle of the beam enters the fixed domain at the left-end x = 0 and leaves it at the right-end x = L with the same velocity γ(t). Here, we only consider the in-plane dynamic behavior of the beam. The out-of-plane motion and vibration are not taken into account. For simplicity, some symbols have been listed in Table 1 , which will be used in the next sections.
For the sake of mathematical description, we denote the initial undeformation state as the reference configuration B 0 , the deformed configuration as the current
nates of the same material point in the B 0 and B * , respectively. According to the Lagrangian description, we have
where the U 1 and U 2 are the displacement components associated with the deformation B 0 → B * (see Fig. 1 ).
For the axially moving beam, Lagrangian description will bring some trouble in the analysis and computation for the nonlinear vibration. It is efficient to introduce an artificial intermediate configuration, which is a fixed spatial configuration used as reference for the deformed state. In the following, (x, y) ∈ (0, L)×(−a, a) denotes Table 1 . Meaning of symbols.
P

Longitudinal tension L
The length of fixed domain
The reference configuration B *
The current configuration
Components of velocity along x, y direction the position of a particle on the undeformed beam in the spatial fixed intermediate configuration. (X 0 , Y 0 ) denotes the corresponding point with respect to the reference configuration. Then the relation between these two coordinates is given by
It shows that the motion of the beam from the initial reference state to the spatial fixed intermediate is a rigid motion when the velocity γ(t) is a constant. The material
is moving to left with the velocity γ(t).
According to the mixed Eulerian-Lagrangian description, the intermediate configuration can be seen as a Euler domain with respect to the translating undeformed beam and the deformation from the intermediate configuration to the current configuration B * is a Lagrangian description.
As the intermediate configuration is fixed in the static beam, the deflection of beam from the intermediate configuration to the spatial point is identical to the displacement of a material particle of the beam in the absence of axial motion. Then, the strain energy due to the deformation of the beam, the kinetic energy and work corresponding to external forces can be evaluated on the beam which is in the intermediate state between the two ends.
According to Eq. (2.2), we have rewritten the displacements
and let u 1 , u 2 be the primary unknown. Then, the velocity of the point on the beam is given by
(2.5) where V x and V y are the velocity along the longitudinal and transverse direction, respectively. Hereafter, the subscript x, t represents a derivative with respect to x, t.
Governing Equations
In this paper, we assume that the different material points cannot occupy the same spatial coordinate. In order to describe the deformation of beam, we assume that the in-plane displacement field of the beam is given in Zhu et al. [2016] .
where the parameter ν 1 is the in-plane Poisson's ratio of material, u 0 and w 0 are the longitudinal and transverse displacements of the beam at the neutral axis y = 0, respectively. In order to derive the coupled nonlinear moving equations of the axially moving beam, the following assumptions have been made: (i) the cross-sectional area of the beam is assumed to be uniform; (ii) in the beam, the tension P is assumed to be a constant.
Firstly, we consider the kinetic energy of the beam. The kinetic energy T for the axially moving beam can be written as
Substituting Eq. (3.1) into Eq. (3.2) and integrating the results over the area, we have
where
are used. It should be pointed out that the kinematic energy expression (3.2) is different from that of literature based on the extended Hamilton principle. In the following, the derivation of the governing equation is similar to the Wang et al. [2018b] .
Here, we will apply the finite deformation formula for the beam. We consider the Lagrange strain E, which is used in calculations where large shape changes are expected. The expression of Lagrange strain is given by
is the deformation gradient tensor and I is an identity second-order tensor. So, the nonlinear normal strain E xx can be written as
Now, substituting Eq. (3.1) into Eq. (3.7), we obtain
We only consider the second-order moment of the area about the x-axis, then the higher order of y has been omitted. But all nonlinear terms are kept for the first two orders of y in E xx . The work done by the external tension P is given by Wickert [1992] 
Substituting Eq. (3.8) into Eq. (3.9) and integrating the results over the crosssection,
(3.10)
For the isotropic linear material, the total potential energy Φ of the beam is given by Ding & L.-Q. Chen According to the linear isotropic material, for the plane strain deformation, we have
(3.13)
Here, the E is the Young's modulus and the ν is the Poisson's ratio.
In the following computation, we will replace the Poisson's ratio by the in-plane Poisson's ratio ν 1 through the relation
14)
The range of the in-plane Poisson's ratio is [0, 1]. Substituting (3.1), (3.12) and (3.13) into (3.11), after some further simplifications and integrating results over the area, we obtain the total potential energy Φ.
The Hamilton principle takes the form
According to variational principle and after some manipulations, we obtain two coupled governing equations as follows:
( 3.16) with the following dimensionless parameters:
(3.17)
For convenience, the superscript * is removed. Here, a j (j = 1, 2, . . . , 12) are constants depending on the material parameter ν 1 , k s is a geometrical parameter. For a beam with rectangular cross-section, we can rewrite the parameter k s as follows:
where d is the width of the cross-section of the beam. It means that the parameter k s is very small for a slender beam. In this coupled model equations the effects of second-order moment on the kinetic energy of the beam, the work done by the external tension and the total potential energy has been considered. It also leads to the model equation becoming more complex than the existing model equations in the literature. Some linear terms with the coefficient k s have appeared in the model equation (3.16) 
xx ), and so on.
If we neglect the effects of the second moment and simplify the total potential energy, the model equations (3.16) can be reduced to the classical model by assuming the speed of the beam γ(t) is constant, i.e. γ(t) = γ.
First, letting parameters ν 1 = 0, model equations (3.16) can be rewritten as
In the notations of this paper, the mode; equations obtained (7, 8) in Wickert [1992] are exactly the same as the model, equations (3.19). Second, letting ν 1 = 0 and only considering the effects of second-order moment on the kinetic energy, the model equation (3.16) can be rewritten as follows: transverse motion under some assumptions. It is given by
The details of above equation can be found in the literature [Chen, 2018a] .
Comments on Governing Equations
As mentioned in Wang et al. [2018b] , the classical governing equations (7) and (8) in Wickert [1992] are the exceptions of the governing equations (3.16). Furthermore, it should be pointed out that there are many terms which involve the high-order spatial and time derivatives in governing equations (3.16). Because the effects of the second-order moment on the kinematic energy and the strain energy have been considered. In most of the literature which directly applied the extended Hamilton principle to obtain the governing equations, the elastic potential energy is calculated on the fixed spatial configuration, but the motion of axially moving beam is the material particle formulation. Then, the velocity of the material particle is given by In the literature [Pechstein and Gerstmayr, 2013; Vetyukov, 2018] , the expression of velocities of the axially moving continuum material the same as Eq. (2.5), the strain energy is calculated on the active material volume in the free reference configuration. Here, the active material volume means that these particles are preimage of the actual state and form an undeformed beam. In order to evaluate the 
Boundary Conditions
Now, we consider the boundary conditions for the above governing equations (3.16). In most literature, the boundary can be obtained by the extended Hamilton principle. For the a hinged-hinged beam with immovable edges,
Vetyukov [2018] presented the kinematic boundary conditions for the axially moving beam based on Eulerian description, when the rate Γ of supply and leaving material at both end points is given by
The details can be found in Vetyukov [2018] . In this paper, boundary conditions are obtained from a new approach. At both the ends, the transverse displacements zero and the section of the beam keeps flat. Then, we have According to (3.1), the boundary conditions are given by
(5.4)
Comparisons with Wickert's Models
In this section, the results of model equations (3.21) and the model equations (13) in Wickert [1992] have been compared. To this end, we assume the velocity of harmonically varies about a constant mean velocity γ c , it leads to γ(t) = γ c + γ 0 sin(ωt). Here, σ is the detuning parameter and ω n is the n-th natural frequency.
Under the boundary conditions (5.1), the nonlinear vibration of axially moving beam can be determined through the Multiple-Scales method based on the governing equations. The procedure of the calculation has been omitted, we only present the frequencies response of the governing equations. The results have been plotted in Figs. 2 and 3. It shows that the amplitude of the presented governing equation is smaller than that of the classical Wickert's results, but the instability interval becomes large. The similar procedure, details and results can be found in the literature [Wang et al., 2018a] . 
Conclusions
In this paper, the governing equations have been presented for the planar vibration of an axially moving isotropic beam. The mixed Euler-Lagrangian formulation has been applied to describe the kinematic aspects of the motion of the beam. On the fixed intermediate configuration, the higher-order shear beam theory is used within the continuum mechanics framework, which takes into account the effect of shear deformation and the material parameter on the displacements of the axially moving beam. Due to the higher-order shear beam theory, higher order governing equations of nonlinear vibration are obtained, where the transverse vibration is coupled with the longitudinal vibration. Meantime, the boundary conditions here also determined through some geometric constraints.
